This paper reports the tenth-order QED contribution to lepton g − 2 from diagrams of three gauge-invariant sets VI(d), VI(g), and VI(h), which are obtained by including various fourth-order radiative corrections to the sixth-order g −2 containing light-by-light-scattering subdiagrams. In the case of electron g−2, they consist of 492, 480, and 630 vertex Feynman diagrams, respectively.
I. INTRODUCTION
The anomalous magnetic moment g−2 of the electron is one of the most vigorously studied physical quantities at present, which provides a very stringent test of the validity of quantum electrodynamics (QED). To match the precision of the latest measurement of electron g−2 [1] the theory must include the QED radiative correction up to the eighth order [2] [3] [4] as well as the hadronic contribution [5] [6] [7] [8] [9] [10] [11] [12] and the electroweak contribution [13] [14] [15] within the context of the standard model. As a matter of fact, the largest theoretical uncertainty now comes from the tenth-order QED contribution which has not yet been evaluated and is given only a crude estimate [16] . Thus it is an urgent matter to evaluate the actual value of the tenthorder term. To accomplish this task we started a systematic program several years ago to evaluate the complete tenth-order contribution [17] [18] [19] [20] [21] [22] .
The tenth-order QED contribution to the electron g−2 consists of the mass-independent term A The mass-independent term A (10) 1 may be classified into six sets and further divided into 32 gauge-invariant subsets according to the type of the closed lepton loop subdiagram. Thus far, the numerical evaluation of 21 subsets has been carried out and the results were published [17] [18] [19] [20] [21] [22] .
In this paper we focus our attention on the gauge-invariant set VI which consists of all diagrams containing a light-by-light-scattering subdiagram, one of whose photon vertex is external. (We call this an external light-by-light-scattering subdiagram.) Of eleven gaugeinvariant subsets of the Set VI, eight have been evaluated previously [17] . The purpose of this paper is to report the evaluation of the remaining three gauge-invariant subsets: Sets Our numerical evaluation of Feynman diagrams is based on the parametric integration formula [23] [24] [25] . To handle a relatively large number of diagrams systematically without errors, we developed an automated code-generating system called gencodeLLN that produces FORTRAN codes for the numerical integration. It is an adaptation of the previously developed system for the type of diagrams without lepton loops [18, 19] to the diagrams containing an external light-by-light-scattering subdiagram.
This paper is organized as follows. Section II describes our scheme for numerical evaluation. Section III gives the results of the numerical evaluation. Section IV is devoted to the summary and discussion. In Appendix we describes an algorithm for identifying independent set of loops on a diagram that is required for constructing the amplitude. For simplicity the factor (α/π) 5 is omitted in Secs. II and III.
II. NUMERICAL EVALUATION SCHEME
In this section we describe our scheme for the numerical evaluation of the diagrams of Sets VI(d), VI(g), and VI(h). The diagram that belongs to these sets consists of an open lepton line (ℓ 1 ) and a closed lepton loop (ℓ 2 ) that forms a light-by-light-scattering (l-by-l )
subdiagram, where ℓ 1 and ℓ 2 refer to the types of leptons, i.e. electron (e), muon (m), or tau lepton (t). The mass-dependence of these diagrams and amplitudes is characterized by
We adopt a relation derived from the Ward-Takahashi identity
where Λ ν (p, q) is the sum of proper vertex parts which are obtained by inserting an external photon vertex in the lepton lines of the self-energy function Σ(p) of a diagram G in all possible ways. Taking account of the charge conjugation and time reversal symmetry the numbers of independent integrals to evaluate become 45 for Set VI(d) (see Fig. 2 ), 26 for Set VI(g) (see Fig. 3 ), and 27 for Set VI(h) (see Fig. 4 ).
The amplitude of a Feynman diagram is turned into an integral over the Feynman parameters assigned to the lepton and photon lines by using the parametric integral formula [23] .
Note that the contribution of the second term on the right-hand side of Eq. (2) vanishes due to the Furry's theorem.
In our numerical procedure the renormalization of the amplitude is carried out by the subtractive renormalization. The unrenormalized amplitude M G of a diagram G is related to a finite calculable quantity ∆M G by appropriate subtraction terms of UV and IR divergences. These subtraction terms are prepared in the form of integrals over the same Feynman parameter space so that they cancel out the divergent behavior of the original unrenormalized integral point-by-point.
The UV divergence arising from the l-by-l subdiagram must be regularized, e.g., by the Pauli-Villars regularization. However, in Eq. (2) the Ward-Takahashi-summed amplitude is given as the differentiation of Λ µ (p, q) with respect to q ν . Therefore the divergence from the l-by-l loop is lifted, and the PV regularization is no longer needed.
As a consequence the source of the UV divergences resides only in the vertex and selfenergy subdiagrams of second and fourth order. These divergences are handled by K operation [24, 26] . By definition the K operation yields the subtraction integral which is analytically factorizable into a product or a sum of products of lower-order quantities. It is symbolically denoted by
when S is a vertex subdiagram, and by
when S is a self-energy subdiagram. Here, the superscript UV means that the leading UV divergent part is taken for the vertex renormalization constant L, the mass renormalization constant δm, and the wave-function renormalization constant B, respectively. Note that
= δm 2 . We also apply R subtraction [19] by which the residual part δm ≡ δm − δm at both ends encloses an eighth-order l-by-l subdiagram, exhibits an IR divergence when this outermost photon goes soft. These divergences are subtracted away by I subtraction [19] . By construction the I subtraction term factorizes as
The contribution of Set VI(h) is represented by 27 independent diagrams as listed.
where L ≡ L − L UV denotes the residual part of the vertex renormalization constant.
The finite amplitude ∆M G obtained so far differs from the standard renormalized quantity, because the subtraction terms involve only a fraction of the renormalization constants relevant to the divergences. To achieve the standard on-the-mass-shell renormalization, the differences are collected over the diagrams of the subset, which is finite, and added to ∆M G .
This step is called the residual renormalization.
The exactly renormalized contributions of Sets VI(d), VI(g), and VI(h) to the magnetic moment are given by the formulas: During this process it finds the form of the unrenormalized amplitudes, identifies the divergence structure, and constructs the UV-and/or IR-subtraction integrals. The symbolic manipulations concerning e.g the gamma matrix calculus and the analytic integration using homemade integration tables are processed with the helps of FORM [27] and Maple.
III. RESULTS
The numerical integration is carried out using the adaptive-iterative Monte-Carlo integration routine VEGAS [28] . The numerical values of individual amplitudes of Set VI(d), Set VI(g), and Set VI(h) are listed in Tables I, II , and III, respectively, for the mass-independent term and the mass-dependent terms in which (ℓ 1 , ℓ 2 ) = (e, m), (m, e), and (m, t). We use the muon-electron mass ratio m µ /m e = 206.768 282 3 (52) and the tau-muon mass ratio m τ /m µ = 16.818 3 (27) for numerical evaluation [16] .
A. Mass-independent contribution
Let us first consider the case in which ℓ 1 and ℓ 2 are of the same type of lepton, i.e., ℓ 1 = ℓ 2 = e, m, or t. This gives a mass-independent contribution to the lepton g −2.
The numerical values are listed in the second columns of Table I for Set VI(d), Table II for Set VI(g), and Table III for Set VI(h), respectively. The values of the sixth-and eighth-order amplitudes and the finite renormalization constants are listed in Table IV . Putting these values into Eqs. (6), (7), and (8), the mass-independent contributions A 1 of the respective subsets are:
B. Mass-dependent contribution (e,m)
The mass-dependent contribution to the electron g−2 in which the light-by-light-scattering subdiagram consists of the muon loop, i.e., ℓ 1 = e and ℓ 2 = m, is found from the numerical values listed in the third columns of Table I for Set VI(d), Table II for Set VI(g), and Table III for Set VI(h), respectively. The values of the mass-dependent sixth-and eighthorder amplitudes are listed in Table IV . Putting these values into Eqs. (6), (7), and (8), we obtain the mass-dependent contributions A 2 (m e /m µ ) of the respective subsets: 
IV. SUMMARY AND DISCUSSIONS
In this paper we evaluated the tenth-order QED corrections to the anomalous magnetic moments of electron and muon from the sets of diagrams, VI(d), VI(g), and VI(h).
For the electron g−2, the total contribution is the sum of the mass-independent terms (9), (10), and (11) and the mass-dependent terms involving the muon loops (12), (13) , and (14): 
The tau-lepton contributions to a e are more than an order of magnitude smaller than Eqs. (12), (13) , and (14) and lie within the uncertainties of Eqs. (21), (22) , and (23). Thus they are negligible at present.
For the muon g −2, the contributions are the sums of the mass-independent terms (9), (10), and (11) and the mass-dependent terms involving electron loops (15), (16), and (17) and tau-lepton loop (18), (19) , and (20): This Appendix describes an algorithm for identifying the fundamental set of circuits of a diagram following Ref. [33] which is adapted to automated handling by computers.
In the parametric integral approach, the integrand of the amplitude is expressed in terms of "building blocks", B ij , U, V , A j , which are functions of Feynman parameters. B ij reflects loop structure of the diagram, while A j is related to the flow of the external momenta.
The definition of B ij is given as follows [25] . A chain diagram G is derived from the diagram G by removing all the external lines and disregarding the distinction of the type of lines. Suppose that a fundamental set of circuits (independent self-nonintersecting loops) of the chain diagram is known. Then, for i and j that label the lines of G, B ij is given by
where s and t refer to the circuits. The loop matrix ξ k,c takes (1, −1, 0) according to whether the line i is (along, against, outside of) circuit c. All lines are assumed to be appropriately directed.
The circuits are found in the following way. A maximal tree T of a graph G is a simplyconnected set of lines that connects all vertices of G and does not have loops. An example is shown in Fig. 5 where solid lines denote the maximal tree T . For any pair of vertices there is a unique path on T that links these vertices, because T is simply-connected and if there were more than one path T would have a loop. T consists of n v − 1 lines where n v is the number of vertices of G.
The chord set (or cotree) T * is the complement of T against G, i.e., T * ∩ T = ∅ and T * ∪ T = G. In Fig. 5 the lines in T * are shown by dashed lines. The number of lines of T * is n p − n v + 1 = n l where n p and n l are the number of lines and loops of G, respectively.
Then, for each ℓ i ∈ T * , there is a path P i on the tree T which links two end-points of ℓ i as shown above. ℓ i and P i form a closed loop C i . These closed loops are independent with each other by construction, namely, ℓ i / ∈ C j if i = j. They form a fundamental set of circuits.
For the diagrams without closed lepton loops (q-type diagrams) as described in Ref. [18] , the fundamental set of circuits are found rather trivially. In this case the maximal tree T is chosen as the set of lines that forms the open lepton line, and thus the chord set T * consists of the photon lines. Therefore, each circuit is identified by a photon line and a string of lepton lines that connects both ends of the photon line.
For a general diagram, a maximal tree of the diagram can be found in the following way. 
